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Abstract 



We consider neutrino oscillations as non stationary phenomenon 
based on Schrodinger evolution equation and mixed neutrino states 
with definite flavor. We demonstrate that for such states invariance 
under translations in time does not take place. We show that time- 
energy uncertainty relation plays a crucial role in neutrino oscillations. 
We compare neutrino oscillations with K° t; K , B® ^ B® etc oscil- 
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lations. 



^' 1 Introduction 

Evidence for neutrino oscillations obtained in the atmospheric Super- 
Kamiokande pQ, solar SNO [2|, reactor KamLAND [3] and other neu- 
trino experiments [1J E3 El IE] is an important signature of a new 
rS ' beyond the Standard Model Physics. 

C^ ■ In spite of the fact that the existence of neutrino oscillations is es- 

tablished, the basics of this new phenomenon is still a subject of differ- 
ent opinions and active discussions (see [5] and references therein) . We 
will consider here neutrino oscillations as non stationary phenomenon 
based on Schrodinger evolution equation and notion of mixed states 
for flavor neutrinos v e , Vn and u T , which are produced in CC weak 
processes together with, correspondingly, e, \x and r. We will dis- 
cuss flavor neutrino states in some details. We will show that for 
usual neutrino beams with neutrino energies many orders of magni- 
tude larger than neutrino masses flavor lepton number L e , L^ and 
L T are effectively conserved in the neutrino-production and neutrino- 
detection SM weak processes and states of produced (and detected) 
flavor neutrinos are mixed states. 



The basic evolution equation of the quantum field theory is the 
Schrodinger equation. According to this equation if at t = flavor 
neutrino (antineutrino) is produced, at the time t the neutrino (an- 
tineutrino) state is non stationary one. The time-energy uncertainty 
relation is a characteristic feature of such states (see, for example 
jlUl II Ij ) . We will show that this relation plays a crucial role in neu- 
trino oscillations (see ^D). Neutrino oscillations, which are character- 
ized by finite time during which the state of the system is significantly 
changed, in accordance with time-energy uncertainty relation require 
uncertainty in energy. In fact, we will demonstrate that for flavor 
neutrino states invariance under translations in time does not valid. 

Neutrino oscillations have the same quantum-mechanical origin as 
Bd ^> Bd , K° £3 K° etc oscillations. We will compare here neutrino 
oscillations with B^ £3 Bj oscillations which were studied recently in 
details at asymmetric i?-factories. 

2 On the status of neutrino oscillations 

The probabilities of the transition u a — ► v a i and v a — > v a > in vacuum 
in the general case of n neutrinos with definite masses are given by 
the following expressions (see ^J El El El ) 

n 

PK - *V) = I Y, U «'i e~ tAmh ^ Ki I 2 - (1) 



and 



Pfo - *«0 = I T U*,, e- lAm ^ U ai | 2 . (2) 



/ j ^ a 1 



Here L is the distance between production and detection points, E is 
the neutrino energy, Am 2 fc = m 2 , — m 2 . Indices a, a' take the values 
e,/jL,r,si,S2, ■■■, indices Si label sterile neutrinos. 

All existing neutrino oscillation data (with the exception of the 
LSND data J3J) 1 are in a good agreement with the assumption that 
the number of neutrinos with definite masses is equal to the number of 
the flavor neutrinos (three) , determined from the measurement of the 
width of the decay of Z°-boson into neutrino-antineutrino pairs at the 



1 Indication in favor of v^ ^ D e oscillations obtained several years ago in the accelerator 
short-baseline LSND experiment are going to be checked by the running at the Fermilab 
MiniBooNE experiment [T%| . 



LEP experiments. In the following we will consider the three-neutrino 
mixing. 

The three-neutrino probabilities of the transition v\ — > vy and 
v\ — ► vy in vacuum (I, I' = e, fi, r) can be presented in the following 
form (see, for example, |16j ^ 

Pfa - v v ) = \8 n +U V2 (e" iAm ?^-l) U? 2 +U V3 (e- iAm r^-l) C/f 3 | 2 , 



(3) 



and 



Pfa - v v ) = \5 in +Up 2 (e-* Am i^-l) U a +Up 3 (e~ iAm ^^-l) U l3 |2 



,2 _L_ 

' 13 

(4) 



Here £7 is 3 x 3 PMNS QH HU] mixing matrix. 

In the case of the Dirac neutrinos V{ the matrix U is character- 
ized by three mixing angles and one CP phase and in the standard 
parametrization has the form 

C12C13 S12C13 Size" 15 

U j -Si 2 C 23 - Ci 2 S23Sl 3 e tS Ci 2 C 2 3 - Si 2 S 2 3Sl3e lS S 23 Ci 3 j . (5) 

S12S23 - Cl 2 C 23 Sl 3 e t& -C12S23 ~ S\ 2 C 23 Sl 3 e t& C23C13 

Here s y - = sin 0y , Cy = cos 0y . 

In the case of Majorana neutrinos V{ the mixing matrix is given by 

U M = US(a), (6) 

where 5jfc(a) = e iai 5ik; a 3 = 0. Majorana phases a 2j3 do not enter into 
the expressions © and @ for neutrino and antineutrino transition 
probabilities. Thus, investigation of neutrino oscillations can not 
allow to reveal the nature of neutrinos with definite masses ( Majorana 
or Dirac?) [2^ (see recent discussion in 22 ). 

The probabilities © and (J3J) depend on six parameters (two neu- 
trino mass-squared differences Ara^ an d Am 2 ^, three mixing angles 
d\2, $23 and #i3 and CP phase 5) and have rather complicated form. 
Taking into account the accuracy of the present-day neutrino oscilla- 
tion experiments, we can consider, however, neutrino oscillations in 
the leading approximation (see, review J16p. 

This approximation is based on the smallness of two parameters 

Am 12 ^ o o ln -2. „;„2a_/ K -, n -2 



Am 2 3 



3.3 -KT 2 ; sin 2 % < 5 • 10 . (7) 



The value of the parameter ^ — ^- can be inferred from analysis of solar, 
atmospheric and KamLAND neutrino oscillation data. The upper 
bound of the parameter sin 2 #13 can obtained from the data of the 
reactor CHOOZ experiment |23| . 

Let us consider first the atmospheric-accelerator long baseline re- 
gion of -g in which 

Am 2 3 I > 1 (8) 

In this region in the transition probabilities © and (J3J) we can neglect 
the contribution of the Am 2 2 -term. If we neglect also term propor- 
tional to sin 2 #13 we come to the conclusion that the only possible 
transitions in this region are Vn — > v T and D^ — > v T . For the prob- 
abilities of v^ (p/j) to survive from (J2|) and (JHJ) we find the standard 
two-neutrino expression 

P(^ -> vy) = P(^ - v„) = 1 - i sin 2 20 2 3 (1 - cos Am 2 3 A). (9) 

Existing atmospheric and K2K data are perfectly described by ®. 
From analysis of the data of the atmospheric Super-Kamiokande ex- 
periment the following 90 % CL ranges of the oscillation parameters 
were obtained pQ 

1.5 • 1(T 3 < Am 2 ^ < 3.4 • 10" 3 eV 2 ; sin 2 20 23 > 0.92. (10) 

For solar and reactor KamLAND experiments small Am 2 2 is rele- 
vant. In the corresponding transition probabilities contributions of 
the "large" Am^ are averaged. For v e (p e ) survival probabilities in 
vacuum (or in matter) the following general expression can be obtained 

V{u e -» u e ) = P(P e -> v e ) = sin 4 13 + (1 - sin 2 6 13 ) 2 P^ 12 \u e -» i/ e ), 

(11) 
where P( 12 )(z^ e — > v e ) is the two-neutrino v e (u e ) survival probability 
in vacuum (or in matter). 

If we neglect the contribution of sin 2 #13 , for the probability of 
reactor v e to survive in vacuum we find the following expression 

V{v e -h. z/ e ) = 1 - - sin 2 2 flu (1 - cos Am 2 2 — ) (12) 

The probability of solar v e to survive in matter in the approximation 
sin 2 0i3 — > is given by the standard two-neutrino expression which 



depend on Am 2 2 , tan 2 #i 2 and electron number density p e (x) (see, for 
example, (25])- 

From global analysis of solar and KamLAND data it was found [2] 

Am 2 2 = 8.0±o:4 10~ 5 eV 2 ; tan 2 12 = 0.451°;°?. (13) 

The existing neutrino oscillation data are compatible with two dif- 
ferent types of neutrino mass spectra: 

1. normal spectrum 

\™2 ^ A^, 

6 23 

^ _ . A ~^ 2 sf I A ^, 

<-13l 

In the case of the normal spectrum neutrino masses are given by 



mi < m 2 < m 3 ; Am 2 2 « Am 2 
2. inverted spectrum 2 m 3 < m x < m 2 ; Am 2 2 « |Am 2 



m2 = v/m 2 + Amf 2 ; 7723 = v/m, 2 + Amf 2 + Am 23 (14) 

For the inverted spectrum we have 



mi = \/ m i + I Am^gl ; m 2 = Wm^ + |Am 2 3 | + Am 2 2 (15) 

Neutrino mass-squared differences are known from neutrino oscilla- 
tions data. Only upper bound of the lightest neutrino mass is known 
at present. From the data of the Mainz [5B] and Troitsk [27] tritium 
/3-decay experiments it was found 

m 1{3) < 2.3 eV. (16) 

Future KATRIN j^H] tritium experiment will be sensitive to 

mi( 3 ) ~ 0.2 eV. (17) 

From cosmological data for the sum of neutrino masses upper bounds 
in the range 

J^mi< (0.4-1.7) eV (18) 



2 In order to keep for the solar-KamLAND neutrino mass-squared difference notation 
Am1 2 > 0, neutrino masses are usually labeled differently in the cases of normal and 
inverted neutrino spectra. In the case of the normal spectrum Ara| 3 > and in the case 
of the inverted spectrum Ato^ 3 < 0. Thus, with such notations for the neutrino masses 
the character of the neutrino mass spectrum is determined by the sign of atmospheric 
neutrino mass-squared difference. 



can be inferred (see |29j). The precision of the cosmological mea- 
surements will significantly increase in future. It is expected that the 
future sensitivity to the sum of neutrino masses will reach ^ ■ mi ~ 
0.05 eV|3Q|. 

The accuracies of future neutrino oscillation experiments are planned 
to be much higher than today. In the experiments of the next gen- 
eration one of the major efforts will be dedicated to the measure- 
ment of the important parameter sin 2 #13. In the accelerator T2K 
experiment v^ — > v e oscillations in the atmospheric range of the neu- 
trino mass-squared difference will be searched for. The sensitivity 
sin 2 #13 ~ 1.5 • 10 -3 will be reached in this experiment J3J- In the re- 
actor DOUBLE CHOOZ experiment the sensitivity sin 2 6*13 ~ 1 • 10~ 2 
is planned to be achieved [32j. If it will occur that the parameter 
sin #13 is not too small the character of the neutrino mass spectrum 
and CP violation in the lepton sector can be probed at the Super 
BeamjHHI , 0- beam (Hi] and Neutrino Factory J3S] facilities. 

3 Flavor neutrino states 

From the point of view of the field theory neutrino oscillations are 
based on the mixing relation for the fields 

3 
v il{x) = ^2 Uli V U<( X ) {I = e, (i, r). (19) 

j=i 

Here v%{x) is (Majorana or Dirac) field of neutrino with mass rrii, 
U is the unitary PMNS mixing matrix and vil{x) is so called flavor 
field. The flavor fields vil{x) enter into the standard CC and NC 
Lagrangians 

C? C = -^£ C W<* + h.c, Ja cc = 2 £ u lLla l L (20) 



l=e,fj,,T 



and 



/~NC y „-NC 7 a, -NC V^ r , „, ,, (1~\\ 

Cl = -97^^7 J - z ' ^ =2^ WML, (21) 



2 cos 9w 



=e,fj.,T 



where g is the SU(2) gauge constant and 9w is the weak angle. 

The relation (j!9|) is the result of the diagonalization of a neutrino 
mass term of the total Lagrangian. There are two possible types of 
the neutrino mass terms: Majorana and Dirac (see |13[ ll4 ( IT5* | ll6j). In 
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the case of the Majorana mass term Vi{x) is the field of truly neutral 
Major ana particles which satisfies the condition 

Vi {x) = vt(x) = C v?(x), (22) 

where C is the matrix of the charge conjugation. 

In the case of the Dirac mass term Vi(x) is the field of particles i/j 
and antiparticles Vi which differ by the conserved total lepton number 
L = L e + L^ + L T (L{ Vi ) = -L{vi) = 1). 

As we have mentioned before, investigation of neutrino oscillations 
does not allow to establish the nature of z/j. In order reveal the nature 
of the massive neutrinos it is necessary to study precesses in which the 
total lepton number L is violated. The most sensitive to the Majorana 
neutrino nature process is neutrinoless double /3-decay of nuclei (see 

E5I) 

(A, Z) -► (A, Z + 2) + e~ + e~ (23) 

The nature of neutrinos with definite masses will be not important 
for our discussion. In this section we will consider the production of 
neutrinos (and antineutrinos) in the case of the neutrino mixing, (see 
[3*7|). Neutrinos (and antineutrinos) are produced in CC decays and 
reactions. Let us consider the production of neutrinos in a CC decay 

a^b + l + + v h (24) 

where a and b are some hadrons. 

The final neutrino state is given by 

M = X>*> ("i,l + b\S\a), (25) 

i 

where (z/j Z + b \S\ a) is the matrix element of the process (|24j) and \vj) 
is the state of left-handed neutrino with mass m,;, 3 momentum p and 

energy E{ = Jp 2, + mf ~ p + -^ . We have 

H \v i )=E i \v i ), (26) 

where Hq is the free Hamiltonian. 

In neutrino experiments energies of neutrinos E are much larger 
than neutrino masses: in solar and reactor experiments E > 1 MeV, 



3 Contributions of the states with positive helicity are proportional to ^ and are neg 
ligibly small 



in atmospheric and accelerator long-baseline experiments E > 1 GeV 
etc. Taking into account that mi < 1 eV, we have -=j- < 10 -12 . Thus, 
neutrino masses can be safely neglected in matrix elements of neutrino 
production processes. From (|19|) and (|2()j) we find 

(^/+6|5|a)~C/ / * (uil + b\S\a) S M, (27) 

where (^/ + 6|S'| o)jm is the Standard Model matrix element of the 
process of the emission of massless flavor neutrino v\ in the decay 

a^b + l + + u t . (28) 

We have 

fa l + b\S\ a) SM = ~i ^=N2u L (p) la v L (p') (b\ J a (0) \a) (2vr) 4 6(P'-P). 

(29) 
Here N is the product of the standard normalization factors, p is 
neutrino momentum, p' is the momentum of l + , P and P' are total 
initial and final momenta and J a is hadronic charged current. 4 

From (|25|) and (|27|) for the final neutrino state we find the expres- 
sion 

Wf) = Wl) (vil + b\S\a) S M, (30) 

where 

3 

l^) = X>*k>- (3i) 

1=1 

is normalized left-handed neutrino state. It follows from (j30j) that the 
probability of the decay (|28|) is given by the Standard Model (assuming 
that vi is massless). 

Neutrino which is produced in a CC weak decay together with l + 
is called flavor neutrino v\. We have shown that the state of flavor 



4 The arguments presented above are not applicable to high-energy part of /3-spectrum 
of the decay 3 H — » 3 Hc + c~+P c which corresponds to the emission of neutrino with energy 
comparable with neutrino mass. For the spectrum we have 

7 jn j 

— = Cp(E + m e ) (E -E)J2 \U ei \ 2 ^{E - Ef - m? F(£) 0(S O - B - m*), 

i 

where Eq is the energy, released in the decay, m e is the mass of the electron, F(E) is 
the Fermi function which takes into account the Coulomb interaction of the final particles 
and C is a constant. From the measurement of the electron spectrum in the high-energy 
region the bound (|l(jfl was obtained in the Troitsk and the Mainz experiments. 

8 



neutrino is given by coherent superposition of states of neutrinos with 
definite masses. 

Analogously, in CC processes together with lepton l~ right-handed 
flavor antineutrino &i is produced. The state of Pi is given by the 
expression 

3 

\fh) = ^U H \ui), (32) 

i=i 

where \vi) is the state of the right-handed neutrino (or right-handed 
antineutrino in the Dirac case) with mass rrii, momentum p and energy 

2 
&l — V T 2p • 

We will consider now detection of neutrinos with energies much 
larger than neutrino masses. Neutrinos are detected via the obser- 
vation of CC and NC weak processes. Let us consider, for example, 
inclusive process 

v v + N ->• r + X. (33) 

Neglecting neutrino masses, for the matrix element of the process we 
have 

(IX | S | v v N) = ^(l X\ S \vi N) U?,i 

i 

= (lX\S\n N) SM J2 U Vi U ii = (lX\S\vi N) SM 6 in , (34) 

i 

where 

(IX\S\ uiN) SM = -» % N 2u L (p') 7q u L {p) (X\ J a (0) \N) (2^) 4 5(P'-P), 

(35) 
where p' is the momentum of final lepton and p is the neutrino mo- 
mentum. 

It follows from (|34|) that due to unitarity of the neutrino mixing 
matrix the matrix element (I X\ S \vy N) is different from zero only 
if I' = L. Thus, the lepton l~ can be produced in CC process (|33|) by 
the left-handed flavor neutrino v\. Analogously, the lepton / + can be 
produced in inclusive CC process 

9i + N^l++X. (36) 

by the right-handed flavor antineutrino v\ . We come to the conclusion 
that in CC processes flavor lepton numbers are effectively conserved. 



Let us summarize previous discussion. For neutrinos with ener- 
gies many orders of magnitude larger than neutrino masses in matrix 
elements of neutrino-production and neutrino-detection processes neu- 
trino masses can be neglected. As a result of that 

• Lepton flavor numbers L e , L^ and L T are conserved in such pro- 
cesses: together with l~ right-handed flavor antineutrino V\ is 
produced, flavor left-handed neutrinos V[ in the processes of in- 
teraction with nucleon produce l~ etc. 

Non conservation of the flavor lepton numbers can be revealed 
only in such processes in which effects of neutrino masses are 
relevant. Such processes are neutrino oscillations in vacuum and 
neutrino transitions in matter. 

• Matrix elements of neutrino-production and neutrino-detection 
processes are given by the Standard Model expressions (in which 
neutrino masses are neglected) 

• States of flavor neutrino v\ and antineutrinos v\ are given by 
coherent superpositions 1)31)1 and (|32|) . 

Let us stress that states of flavor neutrino v\ and flavor antineutrino v\ 
are the superpositions of the states of neutrinos with definite masses 
V{ with coefficients XJt and Un, respectively. Because of this difference 
in the case of the CP violation 

The mixed flavor neutrinos and antineutrinos states 1)3 1JI and 1)32)1 
are different from usual states of particles in the Quantum Field The- 
ory. We will show now that for such state invariance under translation 
in time is not valid. 

Let us consider translations in space and time (see, for example 

X a = X a + CL a , (."'J 

where a is a constant vector. In the case of the invariance under 
translation we have 

|¥)' = e * Pa |¥) 1 (38) 

and 

0{x + a) = e iPa O{x)e- iPa , (39) 

where P a is the operator of the total momentum, 0(x) is any operator 
and vectors \^} and |\]/)' describe the same physical state. 

10 



If j^) is a state with total momentum p vectors \^>) and \^)' differ 
by the phase factor 

|*)' = e* ytt |*>. (40) 

Let us apply now the operator of the translations e % p a to the mixed 
flavor neutrino state \i>i) given by Eq. ()31|l . We have 



\ v i 



>' = e iPa \v l ) = e- i ^Y,\ v v) Y, U V^ Eia ° U *i- ( 41 ) 



The vector \ui)' describes superposition of different flavor states. Thus, 
initial and transformed vectors describe different states. We come to 
the conclusion that in the case of the states which describe mixed 
flavor neutrinos with definite momentum p there is no invariance under 
translation in time. This means that in transitions between different 
flavor neutrinos (and antineutrinos) energy is not conserved. 

4 Neutrino oscillations in vacuum and 
time-energy uncertainty relation 

The basic evolution equation of the quantum field theory is the Schrodinger 
equation 

i®P-HW)), (42) 

where H is the total Hamiltonian. The general solution of the equation 
(|42|) has the form 

\m(t)) = e~ iHt |tf(0)>, (43) 

where |vl/(0)) is an initial state. 

Let us consider the evolution in vacuum of the states of flavor 
neutrinos vi and flavor antineutrinos &i produced in weak processes. 
We have in this case 

|*(0)) = |*j>; or |*(0)) = |^); H = H , (44) 

where Hq is the free Hamiltonian and the states \v{) and \Pi) are given 
by Ea.l|31j) and Eq.(|32jl. Now, taking into account (J4*3"|) for neutrino 
and antineutrino states at the time t > we have 

w*=EW e "*^ ( 45 ) 

4=1 

11 



and 

3 

\"i)t = J2Wi)e- iEit U u (46) 

i=i 

Thus, flavor neutrinos ui and antineutrinos i>i, produced in weak 
processes at t = 0, at t > are described by non stationary states. 

It is a general property of quantum theory that for non stationary 
states the time-energy uncertainty relation 

AE At > 1 (47) 

takes place (see, for example, ^J ^2 EH]). In this relation AE is 
uncertainty in energy and At is time interval during which significant 
changes in the system happen. 
In the neutrino case 

Attl 
{AE) ik = E k -E t ~ -^ (48) 

and time-energy uncertainty relation takes the form 

Am, 



ik 



2E 



t > 1. (49) 



where t is the time interval during which flavor content of neutrino 
state is significantly changed. 

Neutrinos are detected through the observation of weak processes. 
Let us develop the state \v{)t over flavor states \vv). We have 

Wl)t = Yl N') M v i -* u i'^)^ ( 50 ) 

v 

where 

3 

Afa - v v ; t) = J2 U V i e~ lEl l Ufi (51) 

i=\ 

is the amplitude of the transition v\ — > vy during the time t. 5 



5 We can obtain the same result in another way. Let us consider the process v\ + N — > 
/' + X. For neutrinos with energies many order of magnitude larger than neutrino masses 
we have 

(IX \ S\viN)~{l'X\ S\vy N) SM U Vl 

From (|45|l and this relation we will find the expression (|51|l for vi — > vp transition ampli- 
tude. 
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Analogously in the case of the antineutrino we have 

\vi)t = 5^fa') A(z4-»Sfr;t), (52) 

J' 

where the amplitude of the transition v\ — > vy is given by 

3 
X{yi -^v v -t)=Y J Ufi e~ lEl ' U H (53) 

The expressions 1)51)) and (|53|) have a simple meaning: UfJJJu) is the 
amplitude of the transition from initial flavor neutrino (antineutrino) 
state \vi)(\vi)) to the state |z/j); the factor e~ lEit describes propagation 
in the state with definite energy E{ and [/j>j (£/,*•) is the amplitude of 
the transition from the state \vj) to the final flavor state \vi>) (\i?ii)) . 
Because neutrino masses can not be resolved in the production and 
detection processes in the amplitudes (foT|) and (|53~|) sum over all i is 
performed. 

It is instructive to derive expression 1)51)) and (|54|) starting from 
the flavor representation. We have 

!*(*)>= E l^> «*(*). (54) 

where ai(t) = (z^|\£(£)) is the wave function of neutrino in the flavor 
representation. From 1)421 ) for the equation of motion in vacuum we 
find 

»^f = H4 (55) 

where 

(Ho)n = (^|floh) = E ^ ^ ^ = ^ s rf)n ( 56 ) 

is the free Hamiltonian in the flavor representation. In order to obtain 
the solution of the equation l|55|) let us introduce the function 

a'(t) = U ] a{t). (57) 

From 1)550 and 1)57)1 we have 

<Mfi -*.-«). (58) 
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The solution of this equation is obvious: 

a'(t) = e~ lEt o'(0) (59) 

From (|57l ) and (|59[l we find that solution of the equation l|55|) is given 

by 

a(t) = U e~ iEt U ] o(0) (60) 

Assuming that ay(0) = <5/»z for the amplitude of the transition 
V\ — ► vy we find the expression 



ai 



(t) = (U e~ iEt rf) vu (61) 



which coincides with (|51j) . 

Analogously, in the case of antineutrino we have 

!*(*)>= E to>W*)> (62) 

where 6/(i) = (z^|^(£)) is the wave function of antineutrino in the fla- 
vor representation. The function b(t) satisfies the following evolution 
equation 

i^M=R b(t), (63) 

where 

(Ho)n = ipi'\H \i?i) = (U* E U T ) VI (64) 

is the free Hamiltonian in the flavor representation. The solution of 
this equation is given by 

b(t) = U* e~ iEt U T 6(0). (65) 

If we assume that 6p(0) = 5yq for the amplitude of the transition 
v\ — > vy we find the expression 

by(t) = (U* e~ iEt U T ) V1 . (66) 

which coincides with IJ53JI . 

From (|51jl and (|53|) for the probabilities of the transitions v\ — > vy 
and v\ — > P// in vacuum we obtain the following standard expressions 



Piyx - i*) = |A(i/ z - z^;i)| 2 = \b n + ^ Cfa (e~ iAm ^ - l)t/*| 2 

j=2,3 

(67) 
14 



and 

i=2,3 



P{D l - u v ) = |Afa - ^;t)| 2 = |*,,j + ^ [ft ( e -^™?^ - 1)C/^| 2 . 



(68) 
Taking into account the unitarity of the neutrino mixing matrix it 
is easy to check that P(yi — ► z^') and P(i^ — ► vy) are normalized 
probabilities: 



o 



Y^ P(yi-^Pv) = l] Y. P(pi-+»i') = l ( 69 ) 

l'=e,/i,T l'=e,/i,T 

In (|67|) and Q68|) we have used the relation 

t ~ L, (70) 

where L is the distance between neutrino-production and neutrino- 
detection points. There were many discussions in literature connected 
with the relation Q7U|) (see [HJIlUj)- After K2K experiment [3] there is 
no reasons for such discussions. In this experiment this relation was 
confirmed and used to select neutrino events. 

In the K2K experiment neutrinos were produced by protons from 
the KEK accelerator in 1.1 fisec spills. Protons were extracted from 
the accelerator every 2.2 sec. The difference of the time of the de- 
tection of neutrinos in the Super-Kamiokande detector (tsx) and the 
time of the production of neutrinos at KEK (tsx) t = tsK — t-KEK 
was measured in K2K experiment. Let us determine 

At sit- ProF, (71) 



6 We assumed that states \vi) are the states with the same momentum p. Correspond- 
ingly, mixed states \v{) and \Vi) are characterized by momentum p. Notice that this is the 
standard procedure, which corresponds to conditions of experiments with beams of parti- 
cles. If, we assume, however, that |z/j) are states with different momenta pi, for oscillation 
phases in (|57t and ljb%|) we will have (22{ — E{)t ~ [(pi — p\)L + Am^i] , where the 
first term pi — pi is proportional to Arof i with some unknown coefficient which could vary 
from one experiment to another. There is no such term in the oscillation phases: data of 
different neutrino oscillation experiments are compatible if the standard expressions (|67[) 
and H68J I f° r transition probabilities are used. In the framework of the considered for- 
malism with mixed flavor neutrino states and Schroedinger evolution equation "the equal 
momentum assumption" is the only possibility to obtain oscillation phases which do not 
depend on experimental conditions " 
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where t^oF = L/c. In the K2K experiment muon neutrino events 
which satisfy the criteria 

-0.2 < At < 1.3 fisec 

were selected. Notice that in the K2K experiment L ~ 250 km and 
L/c ~ 0.83 • 10 3 usee. 

It follows from (|67|) and ()68|) that neutrino oscillations can be ob- 
served if at least for one value of i the following inequality is satisfied 
(see HSHH]) 7 

#£>! (72) 

Comparing (|49j) and (j72[) we conclude that in the case of neutrino oscil- 
lations time-energy uncertainty relation coincides with the condition 
of the observation of neutrino oscillations|12j. 

Let us stress that finite time during which a significant change 
of the flavor content of neutrino state happens (oscillation time) in 
accordance with time-energy uncertainty relation requires uncertainty 
in energy. This corresponds to the violation of the invariance under 
translation in time in the case of the mixed neutrino states, which we 
discussed in the previous section. 

We will make the following remark. It was stated in some papers 
(see |401 1411 I42j ) that neutrino oscillations can take place only if ener- 
gies of different neutrinos Vi are equal. This statement is based on the 
assumption that in experiments on the study of neutrino oscillations 
only distance L is relevant. The time is not measured and transition 
probability must be averaged over time. 

We do not see any reasons for such assumption. Of course, the time 
of the traveling of neutrinos from production to detection points is not 
measured in the solar, atmospheric and reactor experiments. However, 
from K2K experiment, in which this time is measured, we know that 
traveling time and distance between production and detection points 
are equal. 

We will present another argument against "equal energy" assump- 
tion. Let us consider the propagation of neutrino in matter. The 
evolution equation in the flavor representation has the form 

i^-Bo®. (73) 



7 It is obvious that inequality (|72ll is only necessary condition of the observation of 
neutrino oscillations. For the transition v\ — > vy to be observed, corresponding elements 
of the neutrino mixing matrix have to be not small. 
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Here 

H = Ho + Hi, (74) 

where Ho is the free Hamiltonian and Hi the effective Hamiltonian of 
interaction of neutrino with matter. 

The free Hamiltonian in the flavor representation is given by 

(Ho),., = M^oM = J2 U ^ Ei U *i- ( 75 ) 

i 

The refraction indices of flavor neutrinos in matter are determined 
by amplitudes of elastic neutrino scattering in forward direction and 
target particles densities. Taking into account v e — z/„ — v T universality 
of NC for the effective Hamiltonian of interaction of neutrino with 
matter we have (33] 

(Hi) n = >/2Gj i .p eW ,, (76) 

where p e is electron number density, r/ ee = 1, other elements of 77,', are 
equal to zero. Let us stress that Hi is determined by the CC part of 
the Standard Model amplitude of the v e e — > v e e forward scattering. 
Neutrino masses in the interaction Hamiltonian do not enter. 

If energies of neutrinos with definite masses are equal (Ei = E) , in 
this case the free Hamiltonian is unit matrix 

(Ho),,, = E S n (77) 

With such free Hamiltonian it will be no matter effect [H] which 
was observed in solar neutrino experiments j45j . Thus, assumption of 
"equal energies" is not compatible with data of solar neutrino experi- 
ments. 



5 Comparison of neutrino oscillations 
with Bj ^=» B® oscillations 

Neutrino oscillations and flavor oscillations of neutral mesons (K° ^ 
K°, B^ £5 Bj etc) have the same quantum- mechanical origin. 8 

We will compare here neutrino oscillations with B& £3 B^ oscilla- 
tions which were studied recently in details at asymmetric ^-factories 

051 . 



8 In fact, the existence of K° fc? K° oscillations was major argument for B. Pontecorvo 
[T??| to propose neutrino oscillations in 1957. 
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The states of Bd and Bd mesons are eigenstates of the Hamiltonian 
Hq which is the sum of the free Hamiltonian and Hamiltonians of the 
strong and electromagnetic interactions. Assuming CPT invariance of 
the strong interaction in the rest frame of (B d (B d ) we have 

H \B° d ) = m B |I?2); H \B° d ) = m B \B° d ), (78) 

where tub is the mass of Bd (Bd) meson. 

B d and B d mesons are produced in the decays of T(45) and other 
strong processes in which quark flavor is conserved. Effects of weak 
interaction can be neglected in production processes. After B d and 
B d mesons are produced weak interaction plays the major role: due 
to weak interaction particles decay, eigenstates of the total effective 
Hamiltonian have different masses etc. 

Let us assume that at t = B d (B d ) was produced. At t > for 
the vector of the state we have 

m))= y, ««(*) !<*>+!>(*) i»>. ( 79 ) 

a=B d ,B d i 

where a a (t) is the wave function of B d — B d system in the flavor repre- 
sentation and the states \i) describe products of the decay of B® and 
B d . The vector |\P(£)) satisfies the Schrodinger equation (|42jl. From 
(|79|1 and (|42[) it can be shown (see |47| ) that in the Waiskopf-Wigner 
approximation the function a(t) satisfies the evolution equation 

i^=N«). (80) 

Here H is the total effective non hermitian Hamiltonian of B® — B d 
system in the flavor representation. The Hamiltonian H has the form 

H = M-^T, (81) 

where M = ]Vr and r = T' are 2x2 matrices of mass and width. 
For the eigenstates of the total Hamiltonian we have 

H a H = X H a H ; H a L = X L a L . (82) 

Here 

Ah = m H - - T H ; \ L = m L - - T L , (83) 
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where ran-, tul and Th, Tl are masses and total widths of Bjj and 
mesons. 
From (|82j) for the states of B^ and B^ mesons we have 



B^ mesons 



\B» H ) = N {\B») + ^ \B» d )); \Bt) = N (\B» d ) - ± \I%)). (84) 



Here N = 1/y/l + \q/p\ 2 , q = ^H^~ d and p = ^H^J d . The 
parameter | characterize CP violation of the weak interaction (if CP 
is conserved | = 1). 

For the states of -B° and i?° mesons, produced in the decays of 
T(4S) and in other strong processes, from (|84[) we have 

l*2> = ^ (l^> + \B° L )l \B° d ) = ±E(\B° H )- |5°», (85) 

Thus, in the strong interaction, coherent superpositions of states of 
Bjj and B^ mesons, particles with definite masses and widths, are 
produced. 

Let us compare relations l)85JI with neutrino relations (j31|) and (|32|) . 
Flavor neutrinos and antineutrinos v\ and v\ are produced in weak 
processes in which at neutrino energies many order of magnitudes 
larger than neutrino masses lepton flavor numbers L e , L^ and L T 
are effectively conserved. The states of these neutrinos are coherent 
superpositions of the states of neutrinos with definite masses. Flavor 
B® and B d mesons are produced because quark flavor is conserved in 
strong interaction. Their states are coherent superposition (|85|) . 

There exists also an important difference between mixing of states 
of neutral mesons and mixing of neutrino states. Neutrino mixing is 
determined by the PMNS mixing matrix. Even in the case of the 
two neutrinos mixing angle is an arbitrary parameter. In the case 
of neutral mesons mixing is maximal (independently on the values of 
CKM mixing angles). This is connected with CPT invariance of the 
strong interaction and the fact that B d and B® are transformed into 
each other under CP transformation. CPT invariance does not put 
any constraints on neutrino mixing angles. 

We will consider now time evolution of the states of of B d and B d 



(86) 

(87) 



mesons. 


From (jHDl), dH2) and (JES1) we find 




\B° d )t = ^ (\B° H ) e"*** + \Bl) e-^* 


and 


\B° d )t = ^~ (\B° H ) e-*^ - \Bl) e~ iX - 
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where t is the proper time. 

Neutral B mesons are detected through the observation of the 
decays of B d and B d , which are determined by transitions b — > c(u) + 
W + and b — ► c(u) + W~. For lepton decays we have 

B Q d -» 1+ + ^ + X; fig -► r + i} + X. 

Thus, the sign of the charged lepton determines the type of the neutral 
.B-meson. From (|86|) and (|87[) we find 

|B°} t = 5+ (t)|5 d °) + ^_(t)|B ) 

and 

|^)t = 3-(t)^|S d °)+ 5+ (t)|B ). 

Here 

^±(*) = ^(e- iA ^±e- iAit ) (90) 

The equations (|88|) and l)89JI are analogous to the equations 1)45 |l and 
(|46jl in the neutrino case. For the transition probabilities we find the 
following expression 

P(B° d - B°) = P(B° - 5°) = i e- rt (l - cos Am B t), (91) 

where 

Arris = ttih — rriL (92) 

is the difference of masses of By- and B^ mesons. We took into account 
in (jHU that T H ~ T L = T and ||| ~ 1 (see @H]) 

The probability of B° (B°) to survive is given by the expression 

P(B° d - B° d ) = P(B° d - 5°) = \ e^(l + co S Am B t). (93) 

The equations (|9~Tj) and (|9*3*|) are analogous to equations (|H7|) and (|E5|) 
in the neutrino case. 

The main differences between neutrino oscillations and B d £+ B d 
oscillations are the following 

• In the 5-mesons case mixing is maximal. In the neutrino case 
mixing angles are parameters. Investigation of neutrino oscilla- 
tions is the only possible source of information about the ele- 
ments of the PMNS mixing matrix. Modulus of elements of the 
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quark CKM mixing matrix can be determined from the inves- 
tigation of different weak decays and neutrino reactions. Infor- 
mation about CP phase can be inferred from the measurement 
of CP-odd asymmetry in B®(B®) — ► J ftp + K$ and other decays 
(see 051). 

• Neutral l?-mesons are unstable particles. Life-time is given by 
~ P and time-energy uncertainty relation 

Am B - > 1 (94) 

is the condition of the observation of B^ ^> B^ oscillations. 

Neutrinos are stable particles. The time t — L in the time- 
energy uncertainty relation (|49|) is determined by experimental 
conditions (intensity of a neutrino beam, size of a detector, back- 
ground conditions etc) 

The formalism of B^ ^ B^ oscillations, which we shortly discussed 
here (and similar formalism of K° ^ K° oscillations) is based on 
the evolution equation (|8()jl. mixed flavor states, non stationary states 
\B®)t and \Bj)t, given by l(55|) and (|89|). This formalism describes a 
lot of precise experimental data. From our point of view correct for- 
malism of neutrino oscillations also must be based on the Schrodinger 
evolution equation, mixed flavor neutrino states and time-energy un- 
certainty relation. 

6 Conclusion 

Observation of neutrino oscillations in SK, SNO, KamLAND and other 
neutrino experiments P3EHSH3JE3E1I11IE1 is an important recent dis- 
covery in the particle physics. Investigation of this new phenomenon 
allowed to determine such fundamental parameters as neutrino mass 
squared differences and neutrino mixing angles. It is a common opin- 
ion that generation of neutrino masses, which are many orders of 
magnitude smaller than masses of leptons and quarks, require a new 
physics and a new beyond the Standard Model mechanism of the mass 
generation. 

Taking into account importance of neutrino oscillations for particle 
physics we think that the understanding of the physical basis of this 
new phenomenon is an important issue. In literature exist different 
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interpretations of the basics of neutrino oscillations (see |1D] ) . We 
present here the following point of view: 

• Neutrino masses are many orders of magnitude smaller than en- 
ergies of neutrinos in reactor, solar, atmospheric and acceler- 
ator neutrino experiments. This means that neutrino masses 
can be neglected in matrix elements of neutrino-production and 
neutrino-detection processes. Therefore in CC weak processes 
together with Z + (l~) flavor left-handed neutrinos v\ ( flavor 
right-handed antineutrinos v\) are produced which states are de- 
scribed by coherent superpositions of states of neutrinos with 
definite masses. The possibility to neglect neutrino masses in 
production and detection processes signifies that in these pro- 
cesses flavor lepton numbers are effectively conserved. 

• Flavor neutrinos and antineutrinos at time t after production 
are described by non stationary states (coherent superposition 
of stationary states). For such states time-energy uncertainty 
relation is valid. This means that neutrino oscillations with finite 
oscillation time require uncertainty of energy. 

• The presented here non stationary formalism of neutrino oscilla- 
tions is the same as well known formalism of K° ^ K° , B^ ^ B% 
etc oscillations, which is confirmed by numerous high precision 
experiments. 
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